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In this paper, we consider the compound Poisson risk model perturbed by diffusion with
constant interest and a threshold dividend strategy. Integro-differential equations with
certain boundary conditions for the moment-generation function and the nth moment of
the present value of all dividends until ruin are derived. We also derive integro-differential
equations with boundary conditions for the Gerber–Shiu functions. The special case that
the claim size distribution is exponential is considered in some detail.
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1. Introduction
Let (Ω, F , Ft , P) be a field probability space satisfying the usual conditions, containing all objects defined in the following.
In the perturbed compound Poisson risk model, the surplus of an insurer has the form
U(t) = u+ ct −
N(t)∑
i=1
Xi + σW 0(t), t ≥ 0, (1.1)
where u ≥ 0 is the initial surplus, c > 0 the constant premium income rate. {Xi, i = 1, 2, . . .} is a sequence of independent
claim size random variables with a common distribution function F with F(0) = 0. {N(t), t ≥ 0} is the Poisson claim-
number process with an intensity λ > 0, and is defined as N(t) = sup{k : T1 + · · · + Tk ≤ t}, where the i.i.d. inter-claim
times {Ti}∞i=1 have a common exponential distribution with a parameter λ. {W 0(t), t ≥ 0} is a standard Brownian motion
with W 0(0) = 0 and σ > 0 is a constant, representing the diffusion volatility parameter. In addition, {Xi, i = 1, 2, . . .},
{N(t), t ≥ 0}, and {W 0(t), t ≥ 0} are mutually independent. The net profit condition is given by c > λE(X1).
The perturbed compound Poisson risk model (1.1) was first introduced by [1] and has been further studied by many
authors during the last few years; see e.g. [2–5] and the references therein.
Suppose that the insurer could receive interest from its surplus of (1.1) at a constant force of interest r > 0, then the
surplus of the insurer at time t is
U(t) = ert
[
u+ c
∫ t
0
e−rsds+ σ
∫ t
0
e−rsdW 0(s)−
N(t)∑
i=1
e−rTiXi
]
. (1.2)
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Obviously, the risk process (1.2) is a homogeneous strong Markov process. The risk model (1.2) has been studied in many
existing works, see [6–9] and the references therein.
Due to its practical importance, the issue of dividend strategies has received remarkable attention in the actuarial
literature since De Finetti [10] first proposed the so-called barrier strategy to reflect more realistically the surplus cash flows
in an insurance portfolio. Various barrier strategies have been studied by many authors, including [11–16]. Among them,
Albrecher and Kainhofer [11], Albrecher et al. [12] discussed the non-linear dividend barrier, Gerber and Shiu [13] showed
that the threshold strategy is optimal when the dividend rate is bounded from above and the individual claim distribution
is exponential. Lin et al. [14] studied thoroughly the constant barrier strategy for the compound Poisson risk model and Lin
and Pavlova [15] provided a generalization of the model and results in [14]. Recently, these various dividend strategies have
been considered in the class of compound Poisson process perturbed by diffusion and its generalizations, readers may refer
to [16–23] and references therein. However, there is no work that deals with the perturbed compound Poisson risk model
with constant interest and threshold dividend strategy. This motivates us to investigate such risk model in this work.
In this paper, we consider the risk model (1.2) in which dividends are paid according to a threshold dividend strategy.
Under the threshold dividend strategy, whenever the surplus is above b > 0, dividends are paid continuously at a constant
rate α (0 < α ≤ c), however when the surplus is below the level b, no dividends are paid. Thus, the threshold b plays the
role of a breakpoint or a regime-switching boundary. Incorporating the barrier strategy into (1.2) yields the surplus process
{Ub(t), t ≥ 0}which can be expressed by
dUb(t) =
{
cdt + rUb(t)dt − dS(t)+ σdW 0(t), Ub(t) < b,
(c − α)dt + rUb(t)dt − dS(t)+ σdW 0(t), Ub(t) ≥ b. (1.3)
Where S(t) =∑N(t)i=1 Xi. The net profit condition is given by c1 = c − α > λE[X1]. In the case of r = 0, (1.3) reduces to the
risk model discussed in [22] by letting n = 2 and it is also the special case of [17]. If b → ∞, then (1.3) is the risk model
of [9].
Let D(t) be the cumulative amount of dividends paid out up to time t and δ > 0 the force of interest, then
Du;b =
∫ Tb
0
e−δtdD(t)
is the present value of all dividends until Tb, where Tb denoted by Tb = inf{t : Ub(t) ≤ 0} is the time of ruin. An alternative
expression for Du;b is
Du;b = α
∫ Tb
0
e−δt I(Ub(t) > b)dt
with I(·) denoting the indicator function. It is obvious that 0 < Du;b ≤ αδ .
In the sequel we will be interested in the moment generating function
M(u, y; b) = E[eyDu;b ],
(for those values of ywhere it exits) and the nth moment function
Vn(u; b) = E[Dnu;b], (n ∈ N, V0(u; b) = 1),
and the expected discounted penalty (Gerber–Shiu) function
Φb(u) = E
{
e−δTbω (Ub(Tb−), |Ub(Tb)|) I(Tb <∞)|Ub(0) = u
}
,
where ω(x, y) is a nonnegative bounded measurable function of x ≥ 0, y ≥ 0. Throughout this paper we assume that
M(u, y; b), Vn(u; b), andΦb(u) are sufficiently smooth functions in u and y, respectively.
The rest of this paper is organized as follows. In Section 2, integro-differential equations satisfied by M(u, y; b) and
Vn(u; b) are derived. In Section 3, the Gerber–Shiu function is discussed and in Section 4, the closed form of the ruin
probability is obtained when the claim size is exponential distributed.
2. Integro-differential equations forM(u, y;b) and Vn(u;b)
Clearly, the moment generating function M(u, y; b) behaves differently, depending on whether its initial surplus u is
below or above the barrier level b. Hence, we write
M(u, y; b) =
{
M1(u, y; b), 0 ≤ u < b,
M2(u, y; b), b ≤ u <∞.
In the case of σ = 0, We writeM(u, y; b) asM0(u, y; b), and the other is similar.
In the following, we firstly derive the integro-differential equations satisfied byM0(u, y; b).
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Theorem 2.1. When 0 ≤ u < b,
(ru+ c) ∂M
0
1 (u, y; b)
∂u
= λM01 (u, y; b)+ δy
∂M01 (u, y; b)
∂y
− λ
∫ u
0
M01 (u− x, y; b)dF(x)− λF(u), (2.1)
and when u > b,
(ru+ c1) ∂M
0
2 (u, y; b)
∂u
= λM02 (u, y; b)+ δy
∂M02 (u, y; b)
∂y
− λ
[∫ u−b
0
M02 (u− x, y; b)dF(x)
+
∫ u
u−b
M01 (u− x, y; b)dF(x)dF(x)
]
− λF(u), (2.2)
where c1 = c − α and with boundary conditions
lim
u→∞M
0
2 (u, y; b) = e
αy
δ , (2.3)
M01 (b−, y; b) = M02 (b, y; b), (2.4)
(rb+ c) ∂M
0
1 (u, y; b)
∂u
∣∣∣∣
u=b−
= (rb+ c1) ∂M
0
2 (u, y; b)
∂u
∣∣∣∣
u=b
. (2.5)
Proof. When 0 ≤ u < b, consider t > 0 such that the surplus cannot reach level b by time t , i.e. hδ(u, t) = uert + c(ert −
1)/r < b. By conditioning on the time and amount of the first claim, if it occurs by t , and whether the claim causes ruin, one
gets
M01 (u, y; b) = (1− λt)M01 (hδ(u, t), ye−δt; b)+ λt
∫ hδ(u,t)
0
M01 (hδ(u, t)− x, ye−δt; b)dF(x)+ λtF(hδ(u, t)). (2.6)
By Taylor’s expansion,
M01 (hδ(u, t), ye
−δt; b) = M01 (u, y; b)+ (ru+ c)t
∂M01 (u, y; b)
∂u
− δyt ∂M
0
1 (u, y; b)
∂y
+ ◦(t).
Substituting the above expression into (2.6), and dividing both sides of (2.6) by t and letting t → 0, we can get Eq. (2.1).
Similar to the derivation of (2.1), we can obtain Eq. (2.2). When u→∞, Tb = ∞, so the condition (2.3) is correct.
Next we prove the condition (2.4). For 0 ≤ u < b, let τb be the time that the surplus reaches b for the first time from
0 < u < b, and t0 is the time that the surplus reaches b for the first time from 0 ≤ u < b with no claims, i.e. hδ(u, t0) = b.
Then τb is a stopping time. Then by the strong Markov property, we have
M01 (u, y; b) = E
[
I(τb < Tb)eyDu,b
]+ [I(τb ≥ Tb)eyDu,b]
= E [I(τb < Tb)M02 (b, ye−δτb , b)]+ P(τb ≥ Tb)
≤ M02 (b, y, b)+ P(τb ≥ Tb). (2.7)
On the other hand, we have
M01 (u, y; b) ≥ E
[
I(τb < Tb, τb = t0)eyDu,b
]+ [I(τb ≥ Tb)eyDu,b]
= E [I(τb < Tb, τb = t0)M02 (b, ye−δt0 , b)]+ P(τb ≥ Tb)
≥ M02 (b, ye−δt0 , b)P(T1 > t0)+ P(τb ≥ Tb). (2.8)
When u ↑ b, τb and t0 both go into zero, and limu↑b P(τb ≥ Tb) = 0, letting u ↑ b in (2.7) and (2.8), we can get the boundary
condition (2.4).
Further, letting u ↑ b in (2.1) and u ↓ b in (2.2), we can get (2.5). This ends the proof of Theorem 2.1. 
Following [9], we consider the case of σ 6= 0. For t ≥ 0, define B(t) = σ ∫ t0 e−rsdW 0(s). Thus B(t) is an Itô stochastic in-
tegral. Denote by {〈B〉(t), t ≥ 0} the variance process of {B(t), t ≥ 0}. We have 〈B〉(t) = σ 2 ∫ t0 e−rsds = (2r)−1σ 2(1−e−2rt)
for t ≥ 0. Let v(s) = inf{t : 〈B〉(t) > s}. Then
v(s) = 1
2r
ln
σ 2
σ 2 − 2rs , 0 ≤ s <
σ 2
2r
. (2.9)
SetW (t) = B(v(t)), t ≥ 0. By the time change of Brownian motion, we have thatW is a local standard Brownian motion
withW (0) = 0 running for an amount of time σ 2/2r .
Let φ(u, s) = ers(u+ c ∫ s0 e−rtdt), φ1(u, s) = ers(u+ c1 ∫ s0 e−rtdt). Then we have the following results.
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Theorem 2.2. When 0 < u < b,
1
2
σ 2
∂2M1(u, y; b)
∂u2
+ (ru+ c) ∂M1(u, y; b)
∂u
= λM1(u, y; b)+ δy∂M1(u, y; b)
∂y
− λ
∫ u
0
M1(u− x, y; b)dF(x)− λF(u), (2.10)
and when u > b,
1
2
σ 2
∂2M2(u, y; b)
∂u2
+ (ru+ c1) ∂M2(u, y; b)
∂u
= (λ− αy)M2(u, y; b)+ δy∂M2(u, y; b)
∂y
− λ
[∫ u−b
0
M2(u− x, y; b)dF(x)+
∫ u
u−b
M1(u− x, y; b)dF(x)
]
− λF(u), (2.11)
with boundary conditions
M1(0, y; b) = 1, (2.12)
lim
u→∞M2(u, y; b) = e
αy
δ , (2.13)
M1(b−, y; b) = M2(b, y; b), (2.14)
∂M1
∂u
(u, y; b)
∣∣∣∣
u=b−
= ∂M2
∂u
(u, y; b)
∣∣∣∣
u=b
. (2.15)
Proof. For 0 < u < b, assume that , t > 0 such that  < u < b. Define T t = inf{s > 0 : φ(u+ B(s), s) 6∈ (, b)} ∧ t and
T0 = T t ∧ T1, we have P(T0 <∞) = 1 and 0 < Ub(s) < b for all s ∈ (0, T0). Then by the strong Markov property, we get
M1(u, y; b) = Eu[eyDu,b ] = Eu[M1(Ub(T0), ye−δT0 , b)]
= E[I(T1 > t)M1(Ub(T t ), ye−δT

t , b)] + E[I(T1 ≤ t)M1(Ub(T T1), ye
−δT T1 , b)]
= I(t)+ II(t). (2.16)
By the assumption of independence, one gets
I(t) = e−λtE[M1(Ub(T t ), ye−δT

t , b)],
and
II(t) =
∫ t
0
λe−λsE[I(T s = s)M1(Ub(s), ye−δs, b)]ds+
∫ t
0
λe−λsE[I(T s < s)M1(Ub(T s ), ye−δT

s , b)]ds
=
∫ t
0
λe−λsE
[
I(T s = s)gs(φ(u+ B(s), s))
]
ds+
∫ t
0
λe−λsE[I(T s < s)M1(Ub(T s ), ye−δT

s , b)]ds,
where
gs(φ(u+ B(s), s)) =
∫ φ(u+B(s),s)
0
M1(φ(u+ B(s), s)− x, ye−δs, b)dF(x)+ F(φ(u+ B(s), s)).
Noting that limt↓0 I(T t = t) = 1 and limt↓0 I(T t < t) = 0 a.s and using Itô’s formula, we have
lim
t↓0
I(t)−M1(u, y; b)
t
= 1
2
σ 2
∂2M1(u, y; b)
∂u2
+ (ru+ c) ∂M1(u, y; b)
∂u
− λM1(u, y; b)− δy∂M1(u, y; b)
∂y
, (2.17)
and
lim
t↓0
II(t)
t
= λ
∫ u
0
M1(u− x, y; b)dF(x)+ λF(u). (2.18)
From Eqs. (2.16)–(2.18), we can get the Eq. (2.10) for all u ∈ (, b). Hence, (2.10) holds in (0, b).
Following the same argument as above, for u > b, assume that t > 0 is small enough and  > 0,M > b, such that
b+  < u < M. Define τ t = inf{s > 0 : φ1(u+ B(s), s) 6∈ (b+ ,M)} ∧ t and τ0 = τ t ∧ T1, we have P(τ0 <∞) = 1 and
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Ub(s) > b for all s ∈ (0, τ0). Then by the strong Markov property, we get
M2(u, y; b) = Eu[eyDu,b ] = Eu[eyατ0M2(Ub(τ0), ye−δτ0 , b)]
= E[I(T1 > t)eyατ t M2(Ub(τ t ), ye−δτ

t , b)] + E[I(T1 ≤ t)eyατ

T1M2(Ub(τ T1), ye
−δτ T1 , b)]
= e−λtE[eyατ t M2(Ub(τ t ), ye−δτ

t , b)] +
∫ t
0
λe−λseyαsE
[
I(τ s = s)hs(φ1(u+ B(s), s))
]
ds
+
∫ t
0
λe−λsE[I(τ s < s)ye−δτ

s M2(Ub(τ s ), ye
−δτ s , b)]ds, (2.19)
where
hs(φ1(u+ B(s), s)) =
∫ φ1(u+B(s),s)−b
0
M2(φ1(u+ B(s), s)− x, ye−δs, b)dF(x)
+
∫ φ1(u+B(s),s)
φ1(u+B(s),s)−b
M1(φ1(u+ B(s), s)− x, ye−δs, b)dF(x)+ F(φ1(u+ B(s), s)).
Using the same way as (2.17) and (2.18), it follows from (2.19), we can easily prove that the Eq. (2.11) holds for all
u ∈ (b+ ,M), by the arbitrary of  andM , we can conclude that (2.11) holds for all u > b.
Condition (2.12) and (2.13) are obvious. By (2.4) and (2.5) and by the weak convergence method used in [21], it is easy
to check that the boundary conditions (2.14) and (2.15) hold. This ends the proof of Theorem 2.2. 
Write
Vn(u; b) =
{
Vn,1(u; b), 0 ≤ u < b,
Vn,2(u, b), b ≤ u <∞.
Using the representation
M(u, y; b) = 1+
∞∑
n=1
yn
n! Vn(u; b) (2.20)
and equating the coefficients of yn(n ∈ N) in (2.10)–(2.15), we have the following integro-differential equations and corre-
sponding boundary conditions.
Theorem 2.3. When 0 < u < b,
1
2
σ 2V ′′n,1(u; b)+ (ru+ c)V ′n,1(u; b) = (λ+ δn)Vn,1(u; b)− λ
∫ u
0
Vn,1(u− x; b)dF(x),
and when u > b,
1
2
σ 2V ′′n,2(u; b)+ (ru+ c1)V ′n,2(u; b) = (λ+ δn)Vn,2(u; b)+ αnVn−1,2(u; b)
− λ
[∫ u−b
0
Vn,2(u− x; b)dF(x)+
∫ u
u−b
Vn,1(u− x; b)dF(x)
]
,
with boundary conditions
Vn,1(0; b) = 0,
lim
u→∞ Vn,2(u; b) =
(α
δ
)n
,
Vn,1(b−; b) = Vn,2(b+; b),
∂Vn,1(u; b)
∂u
∣∣∣∣
u=b−
= ∂Vn,2(u; b)
∂u
∣∣∣∣
u=b
.
3. The Gerber–Shiu functions
In the following we will discuss the famous Gerber–Shiu expected discounted penalty function. Without loss of general-
ity, we set ω(0, 0) = 1. For β > 0 we define
φb,d(u) = E
[
e−βTb I (Tb <∞,Ub(Tb) = 0) |Ub(0) = u
]
,
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with φb,d(0) = 1, to be the Laplace transform of the ruin time Tb with respect to β when the ruin is due to the oscillations,
and define
Φb,s(u) = E
{
e−βTbω (Ub(Tb−), |Ub(Tb)|) I(Tb <∞,Ub(Tb) < 0)|Ub(0) = u
}
,
withΦb,s(0) = 0 to be the expected discounted penalty function if the ruin is caused by a claim. Then
Φb(u) = Φb,s(u)+ Φb,d(u),
is the expected discounted penalty function.
We also write
Φb,d(u) =
{
Φb,d,1(u), 0 ≤ u < b,
Φb,d,2(u), b ≤ u <∞. Φb,s(u) =
{
Φb,s,1(u), 0 ≤ u < b,
Φb,s,2(u), b ≤ u <∞.
Then, we have
Φb(u) =
{
Φb,1(u) = Φb,d,1(u)+ Φb,s,1(u), 0 ≤ u < b,
Φb,2(u) = Φb,d,2(u)+ Φb,s,2(u), b ≤ u <∞.
By similar derivation to Theorem 2.2, we get the following theorems:
Theorem 3.1. For 0 < u < b,
1
2
σ 2Φ ′′b,s,1(u; b)+ (ru+ c)Φ ′b,s,1(u) = (λ+ β)Φb,s,1(u)− λ
[∫ u
0
Φb,s,1(u− x)dF(x)+ A(u)
]
, (3.1)
and when u > b,
1
2
σ 2Φ ′′b,s,2(u; b)+ (ru+ c1)Φ ′b,s,2(u) = (λ+ β)Φb,s,2(u)− λ
[∫ u−b
0
Φb,s,2(u− x)dF(x)
+
∫ u
u−b
Φb,s,1(u− x)dF(x)+ A(u)
]
, (3.2)
where A(u) = ∫∞u w(u, x− u)dF(x) and with boundary conditions
Φb,s,1(0) = 0, lim
u→∞Φb,s,2(u) = 0, Φb,s,1(b−) = Φb,s,2(b),
Φ ′b,s,1(u)
∣∣
u=b− = Φ ′b,s,1(u)
∣∣
u=b.
Theorem 3.2. For 0 < u < b,
1
2
σ 2Φ ′′b,d,1(u; b)+ (ru+ c)Φ ′b,d,1(u) = (λ+ β)Φb,d,1(u)− λ
∫ u
0
Φb,d,1(u− x)dF(x), (3.3)
and when u > b,
1
2
σ 2Φ ′′b,d,2(u; b)+ (ru+ c1)Φ ′b,d,2(u)
= (λ+ β)Φb,s,2(u)− λ
[∫ u−b
0
Φb,d,2(u− x)dF(x)+
∫ u
u−b
Φb,d,1(u− x)dF(x)
]
, (3.4)
with boundary conditions
Φb,d,1(0) = 1, lim
u→∞Φb,d,2(u) = 0, Φb,d,1(b−) = Φb,d,2(b),
Φ ′b,d,1(u)
∣∣
u=b− = Φ ′b,d,1(u)
∣∣
u=b.
Remark 3.1. In the case of b→∞, (3.1) and (3.3) reduce, respectively, to the Eqs. (2.10) and (2.20) of [9].
Theorem 3.3. For 0 < u < b,Φb satisfies integro-differential equation
1
2
σ 2Φ ′′b1(u; b)+ (ru+ c)Φ ′b,1(u) = (λ+ β)Φb,1(u)− λ
[∫ u
0
Φb,1(u− x)dF(x)+ A(u)
]
, (3.5)
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and when u > b,
1
2
σ 2Φ ′′b,2(u; b)+ (ru+ c1)Φ ′b,2(u) = (λ+ β)Φb,2(u)− λ
[∫ u−b
0
Φb,2(u− x)dF(x)
+
∫ u
u−b
Φb,1(u− x)dF(x)+ A(u)
]
, (3.6)
with boundary conditions
Φb,1(0) = 1, lim
u→∞Φb,2(u) = 0, Φb,1(b−) = Φb,2(b),
Φ ′b,1(u)
∣∣
u=b− = Φ ′b,1(u)
∣∣
u=b.
Remark 3.2. In the case of r = 0, (3.5) and (3.6) are corresponding to Eq. (2.1) of [22] by letting n = 2 and β substitute δ
there.
4. Closed form expression for ruin probability
In this section, we give the closed form expression for ruin probability Ψ (u) = P(Tb < ∞) when claim size has expo-
nential distribution with value mean 1/µ, that is F(x) = 1− e−µx, x > 0. Write
Ψ (u) =
{
Ψ1(u), 0 ≤ u < b,
Ψ2(u), b ≤ u <∞.
By setting β = 0 and ω(x, y) ≡ 1 in (3.5) and (3.6), and applying ddu + µ to (3.5) and (3.6), we have that for 0 < u < b
1
2
σ 2Ψ ′′′1 (u)+
(
1
2
σ 2µ+ ru+ c
)
Ψ ′′1 (u)+ (r − λ+ µ(ru+ c))Ψ ′1(u) = 0, (4.1)
and for u > b,
1
2
σ 2Ψ ′′′2 (u)+
(
1
2
σ 2µ+ ru+ c1
)
Ψ ′′2 (u)+ (r − λ+ µ(ru+ c1))Ψ ′2(u) = 0, (4.2)
with boundary conditions
Ψ1(0) = 1, lim
u→∞Ψ2(u) = 0, Ψ1(b−) = Ψ2(b),
Ψ ′1(u)
∣∣
u=b− = Ψ ′2(u)
∣∣
u=b,
1
2
σ 2Ψ ′′1 (0)+ cΨ ′1(0) = 0,
1
2
σ 2Ψ ′′1 (b−)+ cΨ ′1(b−) =
1
2
σ 2Ψ ′′2 (b)+ c1Ψ ′2(b).
(4.3)
Define
κ1 = cr −
µσ 2
2r
, κ2 = c1r −
µσ 2
2r
,
M(a, b, x) = Γ (b)
Γ (b− a)Γ (a)
∫ 1
0
ext ta−1(1− t)b−a−1dt, b > a > 0,
U(a, b, x) = 1
Γ (a)
∫ ∞
0
e−xt ta−1(1− t)b−a−1dt, a > 0, z > 0,
where M(a, b, x) is the standard confluent hypergeometric function and U(a, b, x) indicates its second form (see [24] for
details). For i = 1, 2, put
qi(x) = e−(µx+r(x+κi)2/σ 2)U
(
λ
2r
,
1
2
,
r
σ 2
(x+ κi)2
)
,
li(x) = (x+ κi)e−(µx+r(x+κi)2/σ 2)M
(
λ
2r
,
3
2
,
r
σ 2
(x+ κi)2
)
,
Q1(u) =
∫ u
0
q1(x)dx, Q2(u) =
∫ ∞
u
q2(x)dx,
L1(u) =
∫ u
0
l1(x)dx, L2(u) =
∫ ∞
u
l2(x)dx.
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Following the methods in [6], we get the general solution of (4.1) and (4.2) as follows
Ψ1(u) = 1+ C1Q1(u)+ C2L1(u),
Ψ2(u) = C3Q2(u)+ C4L2(u).
And the constants C1–C4 satisfy the following relations
C1Q1(b)+ C2L1(b)− C3Q2(b)− C4L2(b) = −1,
C1Q ′1(b)+ C2L′1(b)− C3Q ′2(b)− C4L′2(b) = 0,
C1
(
1
2
σ 2Q ′′1 (0)+ cQ ′1(0)
)
+ C2
(
1
2
σ 2L′′1(0)+ cL′1(0)
)
= 0,
C1
(
1
2
σ 2Q ′′1 (b)+ cQ ′1(b)
)
+ C2
(
1
2
σ 2L′′1(b)+ cL′1(b)
)
− C3
(
1
2
σ 2Q ′′2 (b)+ cQ ′2(b)
)
− C4
(
1
2
σ 2L′′2(b)+ cL′2(b)
)
= 0.
Define the matrixM and the column vector B as
M =
Q1(b) L1(b) −Q2(b) −L2(b)Q ′1(b) L′1(b) −Q ′2(b) −L′2(b)p1(0) s1(0) 0 0
p1(b) s1(b) −p2(b) −s2(b)
 ,
B = ( −1 0 0 0 )T,
where pi(u) = 12σ 2Q ′′1 (u)+ cQ ′1(u), si(u) = 12σ 2L′′1(u)+ cL′1(u), i = 1, 2. Let Bi denote the matrix with the form ofM except
that the ith column ofM is replaced by B. Denote the determinant of a matrix by det(•); we get
Ci = det(Bi)det(M) .
Therefore, we provide closed form expressions for Ψ1(u) and Ψ2(u).
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